We prove that a Noetherian Hopf algebra of finite global dimension possesses further attractive homological properties, at least when it satisfies a polynomial identity. This applies in particular to quantized enveloping algebras and to quantized function algebras at a root of unity, as well as to classical enveloping algebras in positive characteristic. In all three cases we show that these algebras are Auslander-regular and Macaulay. We derive representation theoretic consequences concerning the coincidence of the non-Azumaya and singular loci for each of the above three classes of algebras.
INTRODUCTION
This paper has two major themes. The first, which occupies Sections 1 and 2, is a contribution to a strand of research in the homological algebra w x of noncommutative Noetherian rings which perhaps began with 5 , and w x whose most notable achievement is 45 . The underlying idea of all this work is that a Noetherian ring all of whose irreducible modules exhibit similar homological behaviour is ''smooth'' in some sense. Here this point of view is tested for Noetherian Hopf algebras. Our starting point is the w x observation of Lorenz and Lorenz 34, Sect. 2.4 that the global dimension of any Hopf algebra is just the projective dimension of its trivial module.
Ž . The main result we deduce along this line in Section 1 Corollary 1.8 has as a special case: THEOREM A. Let H be a Hopf algebra of finite global dimension which is a finite module o¨er its affine center. Then H is Auslander-regular and Macaulay, and is thus a finite direct sum of prime rings.
Ž .
The terminology used in Theorem A is recalled in 1.8 . In Section 2 we apply the foregoing ideas to quantized enveloping algebras and to quantized function algebras. References for the definitions of these algebras Ž . Ž . are given in 2.1 and 2.4 . We consider here both the case of a generic Ž . w x parameter q, yielding the algebras U ᒄ and O O G , and the case wherew x specializes to a primitive lth root of unity ⑀ , giving algebras U ᒄ and
Here, ᒄ is a finite dimensional complex semisimple Lie algebra, and ⑀ G is the connected, simply connected, semisimple Lie group with Lie algebra ᒄ. As usual, we require l to be odd, and prime to 3 if ᒄ involves a factor of type G . We show, in Propositions 2.2 and 2.7 and Theorems 2. 
Ž . Ž . w x ii The algebras U ᒄ and O O G are Auslander-regular and Macaulay

⑀ ⑀
with Krull and global dimensions equal to dim ᒄ.
Ž . We also deduce a conclusion identical to that of Theorem B ii for the Ž . enveloping algebra U ᒑ of any finite dimensional Lie algebra ᒑ over a Ž . field of positive characteristic Corollary 1.10 .
Our second major theme is representation theoretic. We are interested in identifying, for an algebra ⌳ which is a finite module over its affine center Z, the irreducible modules of maximum dimension. When the base field is algebraically closed, the contractions of the annihilators of these modules to Z constitute the Azumaya locus, A A say, a Zariski dense subset of max Z. In favourable circumstances, specifically when ⌳ is Auslander-Ž . regular and Macaulay and when codim max Z R A A G 2, the set A A coincides with the open set of non-singular points of max Z. In a graded setting this is w x a result of Le Bruyn 30, Proposition 5 . For the convenience of the reader we provide a self-contained, ''un-graded'' proof in Section 3, the result in question being Theorem 3.8.
In Section 4 we show that the results of Sections 2 and 3 can be combined to yield representation theoretic information for each of the Ž . 
HOPF ALGEBRAS AND HOMOLOGY
We begin by developing some homological information about modules over a Hopf algebra H, leading to sufficient conditions for H to be Auslander-regular and Macaulay. The main result of the section is that Ž . these conclusions hold when H is fully bounded Noetherian FBN with finite global dimension and all irreducible H-modules are finite dimensional over the base field. Note that the FBN and irreducible module conditions will hold in case H is a finite module over its center and the Ž center is an affine algebra over the base field. An analogous Auslander᎐Gorenstein result is obtained for the case that H has finite . injective dimension rather than finite global dimension. With the help of known results, this theorem immediately applies to the enveloping algebra of any finite dimensional Lie algebra in positive characteristic. The background needed to apply the theorem to quantized enveloping algebras and quantized function algebras at roots of unity is developed in the following section.
1.0. Throughout the section, H will denote a Hopf algebra over a base field k, and H-modules will be left modules unless otherwise specified. All tensor products will be over k. Recall the standard actions by which tensor products and Hom-groups of H-modules A and B become H-modules 
Ž . Proof. Let иии ª P ª иии ª P ª P ª W ª 0 be an H-projective
is an H-projective resolution for W m V. From Lemma 1.1, we get a commutative diagram of complexes as follows:
Ž w x . over the past fifteen years e.g., 4, 45, 50 has been that if homological behaviour is ''homogeneous'' across all the irreducible modules for the algebra then its structure is much more constrained, and indeed resembles a regular commutative ring in important respects. That this heuristic applies also to at least some Noetherian Hopf algebras is the theme of the rest of Section 1. We begin with the proof of homogeneity.
Ž . dual V * of V is an H-module as in 1.0 , and Corollary 1.4 a shows that
Ä 4 Fix a basis¨of V and the corresponding dual basis w of V *. Define
Ž .x Proposition III.5.3 b , ␦ is an H-module homomorphism, and so we have an exact sequence Ž . U ᒄ in characteristic zero shows that one cannot expect Noetherian Hopf algebras of finite global dimension to be Macaulay in general. Instead, one could ask for the ''CM'' property, which is defined like the Macaulay property but with Krull dimension replaced by Gelfand᎐Kirillov dimension. However, although this takes care of enveloping algebras it cannot encompass the case of Noetherian group algebras, since for these the Gelfand᎐Kirillov dimension is infinite in general. Probably the correct Ž . approach is to think of the Macaulay condition as requiring that ␦ M s Ž . Ž . gl.dim R y j M has the properties of an exact partitive dimension function.
1.10. The enveloping algebra of a Lie algebra ᒄ of finite dimension n w x has global dimension n by 7, Theorem XIII.8.2 . When the ground field k Ž . has positive characteristic, U ᒄ is a finite module over its affine center w x 22 and so is a PI ring with all irreducible modules finite dimensional over k. Thus the previous corollary specialises to yield the following result, which can also be obtained using filtered and graded techniques in the w x style of 32 .
COROLLARY. Let ᒄ be a Lie algebra of finite dimension n o¨er a field of Ž . positi¨e characteristic. Then U ᒄ is Auslander-regular and Macaulay of Krull and global dimension n.
In the remainder of the section, we develop an analog of Corollary 1.8 for the case when H has finite injective dimension rather than finite global dimension, the aim being to replace the Auslander-regular conclusion with the Auslander-Gorenstein condition. LEMMA 1.11. Gi¨en n G 0, the following conditions are equi¨alent: 1.15. It is natural to expect that H is Auslander᎐Gorenstein in Theorem 1.14 without the additional PI hypothesis; but perhaps it is more important to mention two other themes suggested by this result. First, it seems plausible that e¨ery FBN Hopf algebra which is affine over its base Ž field k satisfies a PI. It is worth noting in this connection the recent result w x of Amitsur and Small 1 that every FBN affine k-algebra satisfies a PI . when k is algebraically closed. Second, it appears to be possible that, under the hypotheses of Theorem 1.14, H always has finite injective dimension. If true, this would be a notable generalisation of the dimension Ž . zero case mentioned in 1.7 . We can even wonder whether this homological finiteness might be a property of all Noetherian Hopf algebras.
GLOBAL DIMENSION OF QUANTIZED ENVELOPING ALGEBRAS AND QUANTIZED FUNCTION ALGEBRAS
Our goal in this section is to apply Corollary 1.8 to quantized enveloping Ž . w x algebras U ᒄ and quantized function algebras O O G when ⑀ is a root of ⑀ ⑀ Ž Ž . unity. References for descriptions of these algebras are given in 2.1 and Ž . . 2.4 . That these algebras are Noetherian domains, finite over affine central subalgebras, follows readily from known results; somewhat more effort is required to prove finiteness of their global dimensions.
2.1. Let ᒄ be a finite dimensional semisimple complex Lie algebra, and Ž . let U ᒄ denote the corresponding quantized enveloping algebra over a q field k of characteristic zero, where q denotes an indeterminate. For our Ž . purposes, it suffices that k contain ‫ޑ‬ q and appropriate roots of q. Here Ž . the role of ᒄ is just to record the associated Cartan matrix C s a ,
w x relations as listed in, e.g., 9, Sect. 9.1A; 13, Sect. 9.1; 24, Sect. 5.1.1 . We Ž . shall also consider the algebra U ᒄ where ⑀ is a primitive lth root of ⑀ unity; we take l to be odd, and prime to 3 in case ᒄ involves a factor of w y1 x type G . This algebra is defined by constructing a ‫ޑ‬ q, q -form U of Ž . ² : of U ᒄ and U ᒄ , inasmuch as the group K , . . . , K identifies with q ⑀ 1 n Ž the lattice of weights P of ᒄ. Variants for which some aspects of the . theory are more complex can be defined for any lattice lying between P and the root lattice Q. there is a sequence of algebras U ᒄ , U , . . . , U each of which is the q associated graded ring of the previous algebra with respect to a ‫ޚ‬ q -filtration, and such that the last algebra U Ž N . is an iterated skew polynomial ring starting from a Laurent polynomial ring over k. Reducing to the subalgebra U and specializing q to ⑀ yields a corresponding sequence of 
in the notation of 24 , where P denotes the lattice of weights given by Ž ments of the image, ⌿ extends to a homomorphism which we also denote
generated by the antidiagonal copy of the torus,
the skew group ring of a free abelian group of rank l over the coefficient Ž y . Ž q . w x ring U n m U n . By 24, Proposition 9.2.14 , . mentioned to U n and U n , we find that each of the latter algebras q ⑀ begins a finite sequence in which each algebra is the associated graded algebra of the previous one with respect to a ‫ޚ‬ q -filtration, and in which the final algebra is an iterated skew polynomial ring starting from a Laurent polynomial ring over a field. We immediately obtain similar Ž y . Ž q . Ž y . Ž q . sequences for the algebras U n m U n and U n m U n , and it 
THE AZUMAYA LOCUS
Suppose that ⌳ is a prime Noetherian ring finitely generated as a module over its center Z, which is in turn an affine algebra over an algebraically closed base field k. Problem: Which maximal ideals m of Z Ž . arise as Z-annihilators from irreducible ⌳-modules of maximal k-dimension? As we shall note, this is equivalent to an alternate problem: For which m g max Z is ⌳ an Azumaya algebra over Z ? The latter formum m lation is more convenient to work with, since it does not depend on the base field, nor does it require the center to be affine. It turns out that provided ⌳ is Auslander-regular and Macaulay, and provided the nonAzumaya locus in max Z has codimension at least 2, this locus coincides with the locus of singular points in max Z. This result was proved for w graded algebras using sheaf-theoretic methods by Le Bruyn 30, Proposix tion 5 . For the reader's convenience, we state and prove the result Ž . Theorem 3.8 in a purely ring-theoretic setting and shorn of the ''graded'' hypothesis.
To begin, we assemble some standard facts which show that the two problems mentioned above are in fact equivalent. Recall that a ring R with center C is called an Azumaya algebra o¨er C provided R is op Ž w x projective as a module over R m R cf. 43, Theorem 5.3.24 for several C . equivalent conditions . In particular, R is Azumaya over C if and only if R is a finitely generated projective C-module and the natural map op Ž .
R m R ª End R is an isomorphism.
C C PROPOSITION 3.1. Let ⌳ be a prime Noetherian ring which is module-finite o¨er its center Z, and assume that Z is an affine algebra o¨er an algebraically closed field k.
Ž . a The maximum k-dimension of irreducible ⌳-modules equals the PI-degree of ⌳.
Ž .
Ž . b Let S be an irreducible ⌳-module, P s ann S , and m s P l Z. Proof. Note that if P is any primitive ideal of ⌳, then ⌳rP is a finite dimensional simple algebra over the field Zrm, where m s P l Z. How-Ž . ever, Zrm s k by our hypotheses, and so ⌳rP ( M k where n is the n Ž . dimension of the unique irreducible ⌳rP -module.
Ž . a Let d be the maximum dimension of the irreducible ⌳-modules.
Since ⌳ is module-finite over Z, which is commutative affine and there-Ž w x . fore Jacobson, ⌳ is Jacobson e.g., 36 Examples 3.4 show that the reverse inclusion to that in Lemma 3.3 is false, even for Auslander-regular domains of dimension 2. We aim to show that the condition needed to ensure equality in Lemma 3.3 in the presence of Auslander-regularity is precisely that max Z R A A should be smaller ⌳ than codimension 1.
3.5. Let ⌳ be a prime Noetherian ring, module-finite over its center Z. It will be convenient to say that ⌳ is height 1 Azumaya if ⌳ is Azumaya 
Here is injective because ⌳ m ⌳ op is torsionfree over Z, and f is an 
APPLICATIONS TO REPRESENTATION THEORY
4.1. Our aim in this section is to apply Theorem 3.8 to quantized enveloping algebras and to quantized function algebras at roots of unity, and to the enveloping algebras of semisimple Lie algebras in positive characteristic. In each of these three cases all but one of the hypotheses of the theorem have been shown to hold in earlier sections; the exception, which we need to consider here, is the codimension of the non-Azumaya locus. That is, we have to show that each algebra in these classes is Azumaya in codimension 1. We work over ‫ރ‬ in the first two cases.
4.2. We first consider the case of the quantized enveloping algebras Ž . w x U s U ᒄ over ‫.ރ‬ We begin by listing, using 13 as basic reference, the ⑀ ⑀
properties of U which we need. First, U is a finite module over its affine w as a disjoint union of symplectic leaves, as explained, for example, in 13, x Sect. 11 . We view U as a sheaf of finite dimensional algebras over Z :
Thus, for m g max Z , the corresponding algebra is U rmU . Observe that 0 ⑀ ⑀ 2N q n Ž . the dimension over ‫ރ‬ of these algebras is constant, equal to l , by I w x above. By 13, Corollary 11.8 if m and m belong to the same symplectic 1 2 leaf of H, the algebras U rm U and U rm U are isomorphic. The Ž .
As explained in 4.1 , the inequality 5 is more than enough to permit us to apply Theorem 3.8, since the other hypotheses of that result have Ž . been confirmed to hold for U ᒄ in Proposition 2.2 and Theorem 2.3. The Ž w x . X denote the union of the corresponding orbit cf. 12, Sect. 9.3 .
Ž w , w . The symplectic leaves contained in X are all isomorphic, and have Ž w , w . Ž . Ž . 4.7. In 4.7 ᎐ 4.11 , ᒄ will be the Lie algebra of a connected, simply connected, semisimple algebraic group G over an algebraically closed field k of characteristic p ) 0. Here, p is assumed to be a good prime for G; Ž the precise restrictions which this places on p are listed for the simple
. w x components of G in 17, Sect. 3; 44, Sect. I.4.3 , for example. Note that if p ) 5 then p is good for all G.
Our aim is to consider the question when the hypotheses of Theorem 3.8 Ž . are satisfied by the enveloping algebra U s U ᒄ of ᒄ. It is well known that U is a Noetherian domain. As seen in Corollary 1.10, U is Auslander regular and Macaulay, of Krull and global dimension equal to dim ᒄ. Since G is the direct product of its simple normal subgroups G , . . . , G , its Lie 1 n algebra ᒄ is the direct sum of the corresponding Lie algebras ᒄ , . . . , ᒄ , 
Ž .
ii The locus of non-Azumaya points of Z has codimension at least 3 in Z. 
